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Matching Dominating Sets of Strong Product
Graph of Euler Totient Cayley Graphs with
Arithmetic v,, Graphs

M.Manjuri and B. Maheswari
Abstract— Theory of domination in graphs introduced by Ore and Berge is an emerging area of research in graph theory today. It has been
studied extensively and finds applications to various branches of Science & Technology.
Products are often viewed as a convenient language with which one can describe structures, but they are increasingly being applied in
more substantial ways. Every branch of mathematics employs some notion of product that enables the combination or decomposition of its ele-

mental structures.

In this paper, we consider strong product graph of Euler totient Cayley graphs with Arithmetic 12 graphs and present some results

on matching domination parameter of these graphs.

Index Terms — Arithmetic ¥, graph, Matching dominating set, Euler totient Cayley graph, Strong product graph.

Subject Classification: 68R10

1 INTRODUCTION

Graph Theory has been realized as one of the most useful
branches of Mathematics of recent origin with wide applica-
tions to combinatorial problems and to classical algebraic
problems. Graph theory has applications in diverse areas such
as social sciences, linguistics, physical sciences, communica-
tion engineering etc.

The theory of domination in graphs is an emerging area of
research in graph theory today. It has been studied extensively
and finds applications to various branches of Science & Tech-
nology.

The strong product was studied by Nesetril [1]. Occa-
sionally it is also called as strong direct product or symmetric
composition. This product is commutative and associative as
an operation on isomorphism classes of graphs [2].

Strong product graph of G{Z_.¢)with G(V,]

In this paper we consider the strong product graph of
Euler totient Cayley graph with Arithmetic ¥}, graph. The
properties of strong product graph are studied by Uma Mahe-
swari [3].

Let &, and 7, be two simple graphs with their ver-
tex setsas ¥V, = {uy, tqien, 1]

and 1% = {w, 1, ..., 1.} respectively. Then the strong
product of these two graphs
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denoted by &, [ &, is defined as a graph whose vertex set is
17 ®x ¥, and any two distinct vertices (u,.1, )} and (ay.1) of
&, B ¢, are adjacent if
(i) wuy =u;and w1y  E(G;) or
(i) w,u; e E(G,) and v, =wyor
(iii) uyu, € E(G,) and w1, € E(5,).

Let G:1 denote Euler totient Cayley graph graph and
Gz denote Arithmetic Va graph. Then &, and &, have no loops
and multiple edges. Hence by the definition of strong product,
G, [ &, is also a simple graph.The strong product &, E &, is
a complete graph, if # is a prime.
2 EULER TOTIENT CAYLEY GRAPH G(Z,, @)

For any positive integer #, let Z,, be the additive group
of integers modulo n and let § be the set of all numbers less
than n and relatively prime to .
Thatis § = {r/1 = r <= nand GCO{r.n) = 1} Then |§] = @(n),
where q;l is the Euler totient function.
We can see that § is a symmetric subset of the group (Z,,.&).

The Euler totient Cayley graph &{Z.¢) is defined as
the graph whose vertex set V' is given by Z, = {0.1.2,...n— 1}
and the edge set is E ={{x,v)/x—y €5 or y—x € 5} This
graph is denoted by G{Z,.¢).

The matching domination parameter of these graphs
is studied by the authors [4] and we require the following re-
sults and we present them without proofs.

Theorem 2.1: If n = p, then matching domination number of
GlZ@)is2.

Theorem 2.2: If n = 2p, where p is an odd prime, then match-
ing domination number of G{Z,.¢)}is 4.

Theorem?2.3: Let n be neither a prime nor 2p and

n=pplpy..pi, where p,py.pa..... pyare
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primes and &,.&;......qx; are integers = 1.Then the matching

domination =~ number of G(Z . ) is given by
_ (A+1 if Ais odd,
Y (620, 0)) = {A +2 if 1is even.

whered is the length of the longest stretch of consecutive inte-
gers in ¥ each of which shares a prime factor with .

3 ARITHMETIC V,, GRAPH

o, O

Let n be a positive integer such thatn = p;*ps* .....pp° Then
the Arithmetic ¥, graph is defined as the graph whose vertex
set consists of the divisors of n and two vertices u and v are
adjacent in ¥, graph if and only if GCD{u,v) = p; for some
prime divisor p; of .

In this graph vertex 1 becomes an isolated vertex.

In this chapter we made an attempt to study some
domination parameters of these graphs. In doing so we have
deleted the vertex 1 from the graph as the contribution of this
isolated vertex is nothing, when domination parameters are
enumerated.

Clearly, ¥, graph is a connected graph.

The matching domination parameter of these graphs
is studied by the authors [5] and we require the following re-
sults and we present them without proofs.

Theorem 3.1: If n is a prime, then matching domination num-
ber does not exist for the graph G{¥7,).

Theorem 3.2: Ifn#p and
n= pppit.....pe% wherea; = 1then the matching dom-
ination number of G(}},] is given by
_ k if kis even,
m@G) = {, if kis odd.

wherek is the core of .

4 MATCHING DOMINATION IN STRONG PRODUCT GRAPH

In this section we find minimum matching dominat-
ing sets of strong product graph of ¢{Z,.¢) with G(I},] graph
and obtain its matching domination number in various cases.

Perfect Matching

A matching M in & is called a perfect matching if
every vertex of  isincident to some edge of }{.

Matching Domination

A dominating set I of a graph ¢ is said to be a match-
ing dominating set if the induced subgraph{Zjadmits a perfect
matching.

The minimum cardinality of a matching dominating
set is called the matching domination number of 7 and is de-
noted by ¥,,,(G].

Theorem 4.1: If = is a prime, then the matching domination
number of &, &, is 2.

Proof: Let n be a prime. Then the graph &, [ &, is a complete
graph and hence every vertex is of degree n — 1. So, any single
vertex ~ dominates all other vertices in &, [ &,. Let
D = {(0.p)} where 0is a vertex in &, and p is a vertex in ;.
Let V¥ denote the vertex set of &, [ ;.

Then every vertex in ¥ — I is adjacent to the vertex {0, ¢} in
D.

Therefore y(&, B ,) = 1.

For any t €{1.2,........n — 1} in &, the vertex {0,p) is
adjacent to the vertex (t,p), since the graph &, B , is a com-
plete graph.

So, if I = {{0. p). (t. p)}. then the induced subgraph = D = ad-
mits a perfect matching with minimum cardinality.

Hence D is a minimal matching dominating set of
Gy & Gy

Therefore y,.( G, &,) = 2.
Theorem 4.2: Let n % pand
n= plpplt .. ...pot, wherea; = 1. Thenthe
domination number of 7, [ &, is given by

matching

Ym (G X G3)
_ {(/1 +1)-(k—1) ifa; =1 for more than onei,
“lA+Dk otherwise.
if 1is odd and
Ym (G K Gy)
_ {(A +2)-(k—1) ifa; =1 for more than onei,
A +2)-k otherwise.

if 4 is even, where kis the core of mandd is the length of the
longest stretch of consecutive integers in ¥, of &, each of
which shares a prime factor with n.

Proof: Suppose # is not a prime andn = p;*p3* ......p. ¢ where
I'.?t[ :_:' 1

Consider the graph &, E G,Let V7, 13, denote the vertex sets
of ¢, .G, and &, x G, respectively.

By Theorem 2.3, we know that I, = fug . ug....us, lis a
dominating set of {z,with cardinality 4 + 1, where = 2p . But it
can be easily seen that this set also becomes a dominating set
even in the case n = 2p.

The following cases arise.
Case 1: Suppose a; = 1forall i or &; = 1for only one i.

We know thatD, = {u4 4, ....u. _Jis a dominating set of G,
As in the Remark of Theorem 3.6.4 of Chapter 3 [6], we know
that .= {p,. p5....... p5} i a dominating set of &, with cardi-
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nality k.

LetD =Dy % Dy ={ug tg.witta, 1 X By pr i)

We now show that I is a dominating set of &, & ;
Let (u.w) be any vertex in ¥V — I, Then u is adjacent to u, for
some where 1 =[=< 1 41, because D, is a dominating set
of G, Vertex rin G, is adjacent to any vertex p,. pg.w.... Py
say pmas D, isa dominating set of ;. Hence by the defini-
tion of strong product, every vertex {u, 17} of ¥ — D is adjacent
to atleast one vertex (ug , py, | in D.

Thus Dbecomes a dominating set of &, B ;.

Suppose we delete a vertex (u4 ., p,) from D. Let
vertex uy_ be adjacent to the vertices wuy.u;. 0z, Uy aS
degree of each vertex in &, is @(n). Here all the vertices
Uy g g, Ug Al NOt adjacent to the vertices of Dy, — fu, L.
If this is happened, then D, —{u, } becomes a dominating set
of {7, a contradiction to the minimality of D,.

Therefore there is at least one vertex in
4,25, 000 U gy b 52y u,, which is not adjacent to any vertex
Of Dl — { ﬂd_\_-}.

Since py, Pg.en... Py are distinct primes, there is no
adjacency between these vertices. Then by the definition of
strong product, vertex (u, . p, ) is not adjacent to any vertex of
D —{(ug .p,)} Hence D —{(uy .p,)} is not a dominating
set of &, [ .

ThusD} becomes a dominating set of &, G, with
minimum cardinality {1 + 1)k

Now we show that I is a matching dominating set of
&, B ;. Two cases arise.

Case (i) : Supposedis odd. The vertices u.u 4, . are adjacent
since they are consecutive vertices in ,. Hence by the defini-

tion of strong product,the vertices ( u,.p;).(1z, _.p;)are adja-

cent fori=1,3....4in G, HE G, Further theedges in
F={(ug.p) (g oy )i s (g pi). (uapi)] for
i=13..4

are pairwise non - adjacent, since there is no edge between the

primes p,.p.. ... py Hence F forms a matching in &, & G,.

Now every vertex in &, [ &, is incident with some
edge in F.asD is a dominating set.Since 1 is odd there are an
even number of edges in the above set. Thus = F = admits a
perfect matching and hence=: I} = becomes a matching domi-

nating set of &, [ &, with cardinality(i + 1).k.

Hence y,,, ( G, E G;) = (4 + 1)

Case (ii): Suppose 1 is even. Then |F|is an odd number. So we
cannot get a perfect matching in this case. Hence to get a
matching dominating set in &, [ ;, we include a vertex uy,
to the dominating set I; of G, such that uy, , and u,,_ ., are
adjacent in &7,

Let D, =D, Ufug, }=Tlug, .., uz, ). Obviously D, is a
dominating set of , as I, is a dominating set of 7,

LetD' = D; % Dy = {ug sty }X (1. Prover D)
Obviously D'is a dominating set of &, [ G, as D is a dominat-
ing set of &, (4 G,By using Case (i), we see that the edges in

F=ug.p: ) (ug, o1 )i (ugpp) (ug, . pi )} for

i =1,3,...4 +1 are pair wise non - adjacent. Hence this set of

edges form a matching in &, £ &,. Now every vertex in

, & G, is incident with some edge in F, as D' is a dominating
set.

Since 1 is even there are an even number of edges in
the above set F. Thus = F = admits a perfect matching and
hence = D' = becomes a matching dominating set of G, & G,

with cardinality {1 + 2). k.

Now we claim that D" is minimum. Suppose we de-
lete a vertex (uy ,py) from D" Then ID| is an odd number
which contradicts that D is a matching dominating set.

Therefore D is a minimum matching dominating set
of &, H G,

Hence y.( 6, E G, = (4 + 2). k.
Case 2: Suppose a; = 1 for more than one i.
We know that D = {u,...,u, __lis a dominating set of G, and

By Case 1 in Theorem 3.6.2 and Case 1 in Theorem 3.6.5 of
Chapter 3 [6], we know that

Dy= {p1 Prrees Picg Piot " PiPiag o vom
set of (7, with cardinality k.

.Pr] i1s a dominating

Let
D=D,x D, =
{ﬂd,sﬂd._s ---sﬂd;u}x {Py Pr s PipPicg PuPisre . Prb

Now we show that D is a minimum dominating set of
Gy B G,

Let (u,v) be any vertex in V¥ — I). Then u is adjacent to u, for
somel, where 1 =[= 1 +1.
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The vertex wvin (, is adjacent tosome vertex in I, say p,y..
Hence by the definition of strong product, every vertex (u, 17}
of ¥V —D isadjacent to atleast one vertex [ u, . p,,) in D.
Thus [ becomes a dominating set of &, [ &,

Now we show that I is minimal. Suppose we delete a
vertex, say| ug . p;).j =1.2,...i—2.i + 1,.... kfromD.
Let vertex uz be adjacent to the vertices u,.ti;. 0. UgpmAS
degree of each vertex in &, is @(n). Here all the vertices
Uy g, Ug,n . Uy pAle NOt adjacent to the vertices of D, —{ u L
If this is happened, then D, —{ u, | becomes a dominating set

of 7, a contradiction to the minimality of D,.

Therefore there is at least one vertex
infay, g, e, Uy b SaY u,, which is not adjacent to any vertex
of D, —{uy, L

Since Py, Prrew. BimzPisr--. Pr  are distinct primes,

there is no adjacency between these vertices. Then by the defi-
nition of strong product, vertex [ u,,p;)is not adjacent to
any vertex of D —{{ uy ,p;)} Hence D —{{uy . p;)} isnota
dominating set of 7, B G,. Similar is the case with the deletion
of any other vertex in D,
Thus D becomes a minimal dominating set &, B &

with cardinality (1 + 1} {k — 1).

Now we show that I} is a matching dominating set of

&, B ;. Two cases arise.

Case (i) : Suppose lis odd. The vertices u .1 , . are adjacent
since they are consecutive vertices in &,. Hence by the defini-
tion of strong product, the vertices ( uy,.p;).(uy, .p;)are ad-
jacent fori =1, 3,....4n &, B G,.

Consider the set F of edges

((ug.pi).(ua, i) (g peoppi) (ug,, iy pi)for
i=13..4and j=12 ..i—2i+ 1l...k No two edges in

Fare adjacent,since there is no edge between the primes

P1Pw PigPisgo o BANAGCD(pop_yp;) =1 Hence F
forms a matching in &, & .
Now every vertex in &, [€ 7, is incident with some

edge in F, as I is a dominating set. Since 4 is odd, there are

114

an even number of edgesinF. Thus = F = admits a perfect
matching and hence= I} = becomes a matching dominating

set of &, B &, with cardinality(1 + 1). [k — 1).
Hence y,.( 6, B 6,) = (1 + 1).(k — 1).

Case (ii): Suppose i iseven. In similar lines to Case (ii) of

Casel, we includea vertex uy, .which is adjacent to ug,_,to
the dominating set D,of 7,

Let D, =D, Ulug, t=Tlug, .. uy 1Obviously D, is a
dominating set of &, as I, is a dominating set of 7,

Let

D=D,xD;= {'—1:1 P '-1|:1ﬁ+:}:’< {Py Proess Piz Picy
PiPivye Pl

. Obviously I} is a dominating set of &, 7, as I is a domi-
nating set of &, [ G,.

Let F be the set of edges.

{(ug.pi)(ua, i) (g piop i) (ug,, .2y pi ) for
i=13..4+1landj =12 ...i—2,i+ 1.... & By using above
Case (i), we see that the edges in Fare non - adjacent. Hence

this set of edges form a matching in &, [ &,. Now every ver-

tex in &, & G,is incident with some edge in F, as D' is a domi-
nating set.

Since 1 is even there are an even number of edges in
the above set F. Thus = F = admits a perfect matching and
hence < D' = becomes a matching dominating set of &, & G,
with cardinality (1 + 2). (k — 1}

Now we claim that D" is minimum. Suppose we de-
lete a vertex (uy ,py) from D" Then |D 'l is an odd number

which contradicts that D is a matching dominating set.
Thus D' is minimal matching dominating set of

G, & G, with cardinality (1 + 2. (k — 1).
Hence y,, (6, E G,) = (4 + 2).(k—1).

5 GRAPHS
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n=11

3X! 5

PS Gy =G(Zys. ) G, =G(Vys)

(143) 145) 1415 03)  (05)
(13.15)
__

Gy = G(Zyy. ) Gy =G(Vy)

I‘ < NN (211) @5 0.3
©.11) ° ? % 4.
NN
o1 A‘é.?"{%{‘%%%ﬁ @1 G1 B Gy
8,11 =\-l' |74 YS "E"
\‘!‘kﬁ;"ipﬁ‘ﬁ!;‘;ﬁé' . Matching dominating set
@.11) ,’,, /2
pyts o) 1((0,15).(1, 15)).((2.15), (3.15))}
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